We estimate the radiative corrections of order α/π to the magnetic moments of the proton and the neutron. The photon-loop diagram of the vertex-correction type is evaluated with phenomenological nucleon vector form factors. Infrared-finiteness and gauge-invariance require the inclusion of the wave-function renormalization factor from the self-energy diagram. Using recent empirical form factor parametrizations the corrections amount to δκ p = −3.42·10 −3 and δκ n = 1.34 · 10 −3 . We study also the effects from photon-loops with internal ∆ (1232) 
Introduction
The magnetic moments of the nucleon (proton and neutron) are important structure constants and their understanding represents a challenge for any model or theory of the strong interactions.
The measured values of the proton magnetic moment µ p = 1 + κ p = 2.792847356(23) and the neutron magnetic moment µ n = 0 + κ n = −1.9130427 (5) , both given in units of the nuclear magneton eh/2M p , are extremely precise [1] . The large anomalous magnetic moments κ p and κ n , describing the deviations from the values 1 and 0 of a charged and neutral Dirac-particle, arise predominantely from the strong interactions in these composite three-quark systems. However, at the given experimental precision of κ p and κ n , their full-fledged values cannot be attributed to the strong interactions alone, and electromagnetic effects (or radiative corrections) play also a substantial role. In the case of charged leptons a leading correction of δκ ℓ = α/2π = 1.1614 · 10 is provided by the one-photon loop diagrams, calculated first by J. Schwinger in 1948. Due to the ubiquitous prefactor α/π, one can expect that radiative corrections to the nucleon magnetic moments will similarly amount in magnitude to a few per mille. However, when deriving the analogous radiative corrections for nucleons one has to take into account that these composite objects possess an electromagnetic structure, preformed by the strong interaction, and that they are excitable into baryonic resonances. The purpose of this paper is to provide quantitative estimates for the radiative corrections to the nucleon magnetic moments based on parametrized nucleon form factors and a Lorentz-covariant treatment of the low-lying spin-3/2 ∆(1232)-resonance.
The present paper is organized as follows. In section 3 we calculate the one-photon loop diagrams of the vertex-correction and self-energy type with inclusion of phenomenological nucleon vector form factors. As prepared in section 2, the radiative correction to the anomalous magnetic moment is extracted by a projection technique and after Wick-rotation to euclidean momentumspace and angular integration one obtains a set of weight-functions. These serve to express the quantity of interest, δκ = F (γ) 2 (0), as a one-parameter integral over a quadratic form in the nucleon vector form factors. Moreover, we verify that the inclusion of the wave-function renormalization factor Z 2 from the (electromagnetic) self-energy diagram leads to an infrared-finite and gaugeinvariant result. Several parametrizations of the proton and neutron vector form factors are used to evaluate the integral-represention of δκ p and δκ n . Section 4 is devoted to the calculation of the photon-loop diagrams with a single intermediate ∆(1232)-isobar. We employ common forms of the Rarita-Schwinger propagator and the ∆Nγ-vertex amended by a phenomenological transition form factor. Section 5 deals with the mechanism, where a charged ∆ + -isobar propagates further inside the photon-loop after electromagnetic interaction, which is applicable only to the proton. The pertinent ∆ + ∆ + γ-vertex is obtained by gauging the kinetic term of the free Rarita-Schwinger Lagrangian. In section 6 we study alternative forms of the Rarita-Schwinger propagator and the ∆Nγ-vertex, which incorporate the feature of projecting onto the spin-3/2 degrees of freedom. The results obtained with both Lorentz-covariant treatments of the ∆(1232)-isobar may provide a range for the size of baryonic resonance contributions to the radiative corrections to the nucleon magnetic moments. Finally, section 7 ends with a short summary and in the appendix expressions for the electromagnetic mass shifts are collected and discussed.
Preparation
Let us start with recalling the form of the on-shell vector-vertex for a spin-1/2 nucleon of (average) mass M = 939 MeV. Imposing current-conservation and the usual discrete symmetries, the transition matrix-element N(p 1 ) + γ * (q) → N(p 2 ) reads:
with the spin-tensor σ
The superscript (γ) on the Dirac and Pauli form factors F
1,2 (−t) should indicate that Γ µ arises from a photon-loop diagram. In order to extract the radiative correction to the magnetic moment, one has to project out first the loop-induced Pauli form factor F (γ) 2 (−t). This is achieved by multiplying Γ µ with a suitable projection operator [2] and taking the Dirac-trace:
In the next step the limit t → 0 has to be performed with care before the four-dimensional integration over the loop-momentum l. By choosing the Breit-frame with q 0 = 0 and averaging over the directions of the (small) momentum-transfer q, one can effectively make the substitution:
During this procedure the momentum-sum p 1 + p 2 = ( 4M 2 + q 2 , 0) is kept fixed. After setting t = 0, the resulting loop-integrand depends only on l 2 and l·p 1,2 = Ml 0 . One performs a Wick-rotation to euclidean momentum-space, l 0 = il 4 , and sets l 4 = ℓz with z = cos θ the cosine of the polar angle θ in four dimensions. By combining these steps, a loop-integral including the factor −1/l 2 from a photon-propagator gets reduced to:
where one has set the euclidean length to ℓ = xM. The remaining terms [. . . ] of the loop-integrand depend rationally on z, such that the angular integral can always be performed analytically. The outcome of the loop-calculation at this stage are x-dependent weight-functions.
In the following sections we apply these techniques to calculate the radiative corrections to the nucleon magnetic moments as they arise from photon-loop diagrams involving nucleons and ∆(1232)-isobars. The pertinent electromagnetic vertices are supplemented by phenomenological form factors which should represent the (internal) baryon structure. 
Photon-loop diagrams with nucleons
The triangular photon-loop diagram with intermediate nucleons is shown on the left in Fig. 1 . We evaluate it with three (off-shell) vector-vertices of the form Γ µ in eq. (1), where the form factors F 1,2 (ℓ) and F 1,2 (0) refer to the nucleon structure arising from strong interactions. Carrying out the calculational steps as outlined in section 2, one arrives at the following (partial) result for the radiative correction to the nucleon magnetic moments:
Here, c = 1, 0 denote the charge and κ = 1.793, −1.913 the anomalous magnetic moment of the proton and neutron, respectively. Of course, in the end the third decimal place of κ p,n should be changed in order to treat properly only the strong interaction part. α = e 2 /4π = 1/137.036 denotes the usual fine-structure constant. It should be noted that the triangle diagram has been evaluated with a photon-propagator −ig µν /l 2 in Feynman gauge. The integral
has the value 1/2, and this way one recovers the famous result F (γ) 2 (0) = α/2π of Schwinger for a structureless spin-1/2 Dirac-particle. The partial result in eq.(4) has an obvious problem in the form of the infrared-singular 1/x-term in the weight-function multiplying κF 2 1 (xM). The only other diagrams available at order α are those with a self-energy correction on an external nucleon line, shown on the right in Fig. 1 . Their effect is to multiply the tree-level vector-vertex with the nucleon wave-function renormalization factor Z 2 . In order to extract this quantity, one decomposes the Dirac self-energy Σ into a scalar and a vector part:
. By setting thereafter p = (p 0 , 0) the wave-function renormalization factor Z 2 is obtained as the derivative of Σ s (p 
. After some calculation one arrives at the following expression for the wave-function renormalization factor Z 2 from the self-energy subdiagram in Fig. 1 :
One observes that in the combination F (γ) 2 (0) + Z 2 κ the singular 1/x-term drops out, and thus an infrared-finite radiative correction is achieved. Moreover, one has to check gauge-invariance by working with a general photon-propagator:
Its ξ-dependent longitudinal part produces via the triangular photon-loop diagram a contribution:
which gets exactly canceled by a contribution to the Z 2 -factor from the self-energy subdiagram:
The infrared-finite and gauge-invariant total result F 
with c = 1, 0 the charges and κ = 1.793, −1.913 the anomalous magnetic moments of nucleons. The numerical evaluation of the integral-formula in eq. (9) for the radiative correction to the nucleon magnetic moments requires as input the momentum-dependent form factors F 1,2 (Q). The simplest Q-dependence, which roughly reproduces the trend of the data, is a dipole parametrization of the electric and magnetic form factor [3] : with Λ = 843 MeV the empirical dipole mass. More elaborate parametrizations of the nucleon form factors are obtained in the dispersion relation analysis (DRA) [4] . In addition to the data from elastic electron-scattering, fits based on this method include the constraints from unitarity, analyticity and crossing symmetry as well as the QCD-asymptotics. We employ here the expressions for the isoscalar and isovector form factors F (s,v)
1,2 (Q) given in appendix C of ref. [4] . Moreover, improved fits of the nucleon vector form factors have been obtained recently in refs. [5, 6, 7] by including two-photon exchange corrections in the analysis of all available and updated elastic electron-proton scattering data. The fitted results for F (s,v) 1,2 (Q) are presented in an analytical form as sums of vector-boson poles supplemented by rational parametrizations of the contributions from the isovectorial ππ-continuum [8] .
In Table 1 numerical values for the radiative correction δκ p,n = F
2 (0) to the proton/neutron magnetic moment are listed. The three columns refer to the dipole parametrization (dipole), the earlier fit [4] using dispersion relations (DRA), and the most recent fit [8] including 2γ-exchange corrections (Ina). Modulo some slight variations, the radiative correction δκ p ≃ −3.4 · 10 −3 to the proton magnetic moment is in magnitude about 2.5 times larger than δκ n ≃ 1.3 · 10 −3 for the neutron. In both cases the radiative corrections amount to about −1 of the empirical magnetic moments 1 + κ p = 2.793 and κ n = −1.913. In order to illustrate how the numerical values in Table 1 have come about, we present in Fig. 2 the integrand for δκ p , without the small prefactor α/π. One observes distributions that take on negative values for x > 0.05 and peak around x = 0.3, corresponding to a momentum-transfer of Q = Λ/3 (with Λ = 843 MeV the dipole mass). The fast transition from positive to negative values has its origin in the six x-dependent weight-functions entering eq. (9), where all exept the first one are negative functions. The upper full curve in Fig. 2 (with total area 1/2 under it) shows the different situation for the radiative correction to the magnetic moment of a (structureless) lepton. Likewise, the integrand for δκ n (without the factor α/π) is displayed in Fig. 3 . In this case essentially only the term in the last line of eq. (9) contributes. Since a negative weight-function gets multiplied by κ n = −1.913, one obtains a positive integrand and a positive radiative correction of δκ n ≃ 1.3 · 10 −3 . At this point one can draw the interesting conclusion that the large anomalous magnetic moments κ p,n of nucleons, predetermined by the strong interaction, change the sign of the leading radiative correction proportional to α/π in comparison to pointlike leptons.
Photon-loop diagrams with nucleon and delta-isobar
In the following sections we study effects of the ∆(1232)-resonance on radiative corrections to the nucleon magnetic moments. The ∆(1232)-isobar with isospin-3/2 and spin-3/2 is the lowestlying and most prominent excitation of the nucleon and the charge-states (∆ + , ∆ 0 ) decay also electromagnetically into (pγ, nγ) final-states. The pertinent electromagnetic transition matrixelements are related to measurable helicity amplitudes [3] . The present calculation of photonloop diagrams requires yet a Lorentz-covariant formulation in which the spin-3/2 delta-isobar is described by a Rarita-Schwinger spinor Ψ α . There exists an extensive literature [9, 10, 11] about phenomenological applications as well as potential conceptual problems of the Rarita-Schwinger formalism employed for the ∆(1232)-resonance. A commonly used (minimal) form of the ∆Nγ- vertex reads [9, 12] :
with µ the vector-index to couple the virtual photon with incoming four-momentum l. The stated vertex includes (in the prefactor) an isospin Clebsch-Gordan coefficient
= 2/3 and a phenomenological transition form factor G ∆ ( √ −l 2 ), normalized to G ∆ (0) = 1. For the ∆ → Nγ transition magnetic moment κ * we choose the large-N c value κ * = 3 √ 2(1 + κ p − κ n )/4 ≃ 5.0, which agrees well with empirical determinations [9] . Note that the off-shell vertex in eq. (12) is gauge- with further coupling constants and off-shell parameters have been proposed [9, 12] , but these parameters are not well determined. Another relevant ingredient for our loop-calculation is the Rarita-Schwinger propagator, whose common form reads [9, 12] :
with P the four-momentum of the delta-isobar propagating from index β to index α. Fig. 4 shows the two triangular photon-loop diagrams where one internal nucleon is excited (electromagnetically) into a ∆(1232)-isobar. Since both diagrams are mirror partners of each other they contribute equally to the on-shell vector-vertex Γ µ . Carrying out the necessary calculations, one arrives at the following contribution from the photon-loop diagrams in Fig. 4 to the radiatively induced magnetic moments of nucleons:
form
Tab.2: Radiative corrections to the proton and neutron magnetic moments arising from ∆Nγ triangle-diagrams.
with r = M ∆ /M = 1.312 the ratio between the delta mass and the nucleon mass. One should note that the (lengthy) weight-functions multiplying F 1,2 (xM) behave near x = 0 as order x 2 . In order to evaluate the integral in eq. (14) numerically we use for the transition form factor G ∆ (xM) a dipole multiplied by an exponential function:
Such an approximate Q-dependence has been extracted in ref. [13] from pion-electroproduction data in the ∆(1232)-resonance region. Table 2 gives the numerical values for δκ p and δκ p from the ∆Nγ loop-diagrams for the three choices (dipole, DRA, Ina) of the nucleon vector form factors F 1,2 (xM). One obtains sizeable contributions of δκ p ≃ −2.7 · 10 −3 and δκ n ≃ 2.4 · 10 −3 with the same sign as those from the NNγ loop-diagrams. The corresponding x-dependent integrands (without the factor α/π) are shown by the full lines in Fig. 5 . Due to the suppression at low momentum-transfer, which stems from the extra-factor l α in the vertex V derived from the self-energy subdiagram including a ∆(1232)-isobar is given by the expression:
and obviously it involves the square of the transition form factor G ∆ (xM). The corresponding contribution to the nucleon magnetic moments is δκ = F (again without the factor α/π). The displayed distribution starts at small momentum-transfer as order x 3 and develops a peak around x = 0.5.
Photon-loop diagram with two charged delta-isobars
Once the ∆(1232)-isobar is introduced as an explicit degree of freedom, one can let it propagate further in the loop after coupling to the external photon. This mechanism requires a charged ∆ + and thus it is applicable only to the proton. The relevant ∆ + ∆ + γ coupling is obtained directly by gauging the kinetic term of the free Rarita-Schwinger Lagrangian [9, 12] , and it reads:
with β the incoming and α the outging (Rarita-Schwinger) index. Note that no form factor is necessary here, since this vertex is taken in the end at t = 0. Carrying out all the (tedious) calculational steps for the right ∆ + ∆ + γ loop-diagram in Fig. 6 , one arrives at the following expression for the radiatively induced magnetic moment:
where c = 1, 0 takes care that this contribution exists only for the proton. The dipole times exponential parametrization of G ∆ (xM) leads to a numerical value of δκ p = 0.685 · 10 −3 , which is positive and small. The corresponding integrand (without α/π) is shown by the full line in Fig. 8 . One observes a distribution that starts near x = 0 as order x 3 and reaches a peak at x = 0.52. . Together with the purely nucleonic loop-contributions from section 3 these yield estimates for the radiative corrections of:
which are still dominated by the NNγ-loop terms. As measured by the empirical magnetic moments 1 + κ p = 2.793 and κ n = −1.913, these values amount to corrections of −1.5 and −1.3 , for the proton and neutron. This is in line with the rough estimate α/2π = 1.16 , but opposite in sign. 6 Alternative forms of spin-3/2 propagator and vertices
The Lorentz-covariant treatment of a massive spin-3/2 particle by a Rarita-Schwinger spinor-field is affected by various problems concerning the presence of spurious spin-1/2 degrees of freedom. For this reason, it has been proposed in recent works [7, 10, 11] to use for the ∆-isobar a modified propagator of the form:
which includes a suitably constructed projector on spin-3/2. The use of such a ∆-isobar propagator introduces into our calculation of photon-loop diagrams a further denominator P 2 that depends on the loop-momentum l. When combining it with the N∆γ-vertex V µα 1 in eq.(12) one gets, as a result of the angular integration
, weight-functions that have a discontinuity at x = 1. This feature is exemplified in the appendix for the electromagnetic mass shift δM. We consider the appearance of discontinuities as an indication for an inconsistent treatment and work with an alternative form of the ∆Nγ-vertex taken from refs. [7, 10, 11] :
It fulfils the relations l µ V µα 2 = 0 (gauge-invariance) and P α V it is (in the same way) proportional to r +3r −1 = 3.599, and both numbers agree very well with each other. It should be noted that the vertex V µα 2 in eq. (21) is just a minimal version with a single coupling constant κ * and extensions with further parameters have been proposed in the literature [7, 11] . We turn now to the reevaluation of the triangular photon-loop diagrams in Fig. 4 with the new ∆Nγ-vertex V µα 2 . Independent of the choice of the ∆-isobar propagator (eq. (13) or eq. (20)), this contribution to the radiatively induced magnetic moment reads:
with the mass ratio r = M ∆ /M = 1.312. One notices that only the part of the Rarita-Schwinger propagator proportional to 3g αβ − γ α γ β has an influence on the result and therefore the additional loop-factor 1/P 2 cannot generate a discontinuity in the weight-functions at x = 1. Table 3 gives the corresponding numerical values of δκ p and δκ p for the three choices (dipole, DRA, Ina) of the nucleon vector form factors F 1,2 (xM). In comparison to the first ∆Nγ-vertex, one obtains singificantly reduced values of δκ p ≃ −1.9 · 10 −3 and δκ n ≃ 1.1 · 10 −3 . This reduction becomes also obvious from the underlying integrands which are shown by the dashed lines in Fig. 5 . The differences between the full and dashed lines are suggestive of spurious spin-1/2 degrees of freedom in the Rarita-Schwinger spinor.
Next we have to reevaluate with the new vertex V arising from the self-energy subdiagram in Fig. 6 . Independent of the choice of the ∆-isobar propagator this quantity is now given by the expression:
The corresponding integrand (without the factor α/π) is shown by the dashed line in Fig. 7 . The apparent enhancement by a factor of about 1.5 translates into more sizeable corrections of opposite sign: δκ p = 1.732 · 10 −3 and δκ n = −1.848 · 10 −3 .
Finally, we have to reevaluate the ∆ + ∆ + γ loop-diagram in Fig.6 with the new vertex V µα 2 . In this case the result for the radiatively induced magnetic moment of the proton depends on the choice the ∆-isobar propagator. Using the not spin-3/2 projected version in eq. (13), one gets the expression: 
which gives the numerical value δκ p = 0.415 · 10 −3 . The corresponding integrand is shown by the dashed-dotted line in Fig. 8 . On the other hand the spin-3/2 projected version in eq.(20) leads to a somewhat different expression:
which yields a significantly smaller numerical value of δκ p = 0.163 · 10 −3 . This feature is also indicated by the dashed line in Fig. 8 
which are (unfortunately) quite different from the first estimate given in eq.(19).
Summary and conclusions
In this work we have estimated the radiative corrections of order α/π to the magnetic moments of the proton and neutron. The Schwinger calculation for a structureless lepton has been adapted to extended nucleons by including phenomenological vector form factors. The resulting expression for F
2 (0) is infrared-finite and gauge-invariant and yields numerical values of δκ p = −3.42 · 10 −3 and δκ n = 1.34 · 10 −3 , using updated parametrizations for the nucleon form factors F 1,2 (Q). Moreover, we have also studied the effects of photon-loops involving the low-lying ∆(1232)-resonance. For the pertinent calculation a Lorentz-covariant treatment of massive spin-3/2 particles is mandatory. The two (minimal) versions of the ∆Nγ-vertex amended by a phenomenological transition form factor G ∆ (Q), that we have examined in combination with costumary form of the spin-3/2 propagator, yield radiative corrections of δκ (∆) p = (−0.9, 0.0) · 10 −3 and δκ (∆) n = (1.2, −0.8) · 10 −3 , respectively. The differences are quite substantial and therefore one may hope that an extended form of the ∆ → Nγ transition amplitude (with further coupling constants and off-shell parameters) will lead to radiatively induced nucleon magnetic moments that are more consistent for conventional and spin-3/2 projected vertices and propagators.
combining the first vertex V 
and includes a (peculiar) discontinuous part which stems from the angular integral:
The numerically computed mass-shift δM = 0.348 MeV lies just in between the two previous values.
